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Global Network of Isotopes in Precipitation (GNIP)

& < Networks The Glabal Network of Isotopes in Precipitation (GNIP) is a

worldwide isotope monitoring network of hydrogen and oxygen
Isotopes In precipitation, Initfated In 1960 by the International
Atomic Energy Agency (IAEA) and the World Meteorological
Organization (WMO), and operates in cooperation with numerous
partner Institutions In Member States.

e |AEA/GNIP site in Krakéw
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Organization (WNO), and operates In cooperation with numerous
partner institutions In Member States.

e 50-year precip isotopic data record
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e high-altitude lab (clouds in-situ)
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plan of the talk

e MPDATA scheme and its implementations



MPDATA key concepts: UPWIND discretisation

e advection equation / scalar conservation law:
O (GY)+ V- (v) =GR

1 (x,t): advected scalar field (advectee),
v = {u,...} = Gx: flow velocity vector field (advector),
G(x): fluid density, Jacobian of coordinate transformation, or their product

time evolution:
- hydrodynamics .
(transport)
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1 (x,t): advected scalar field (advectee),
v = {u,...} = Gx: flow velocity vector field (advector),
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time evolution:
- hydrodynamics . ‘ ‘
. .

(transport) E 'u
- thermodynamics ‘ o
(phase changes) fee & &
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MPDATA key concepts: UPWIND discretisation

e homogeneous problem in 1D and with G = 1:

O + Oz (uh) =0



MPDATA key concepts: UPWIND discretisation

e homogeneous problem in 1D and with G = 1:
) + 0z (up) =0

e UPWIND discretisation on a spatially staggered grid (n numbers time steps, i numbers grid steps):

right-hand wall flux left-hand wall flux
n41 o n n oM moomn
’wz’” — 3 n J(@Wi' s ¥ita, Ui+1/2) — f(Yi1, i 7u¢71/2) —0
At Az
positive part negative part
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MPDATA key concepts: Courant number & UPWIND stability criterion

e introducing non-dimensional Courant number C' = u&t:

Ax®
I = g — [ W2, Claga) — FW, 0%, C )]

yields a conservative and sing-preserving “UPWIND" hello-world scheme stable for |C| < 1.

1 def f(psi.l, psi.r, C):

2 return .5 % (C + abs(C)) * psi l + \

3 .5 % (C— abs(C)) * psi.r

4 def step(psi: np.ndarray, i: slice, C: np.ndarray):
5 psi[il = psi[i] — (

6 f(psili 1, psi[i + onel, C[i + hl1f]) —
7 f(psi[i — one], psi[i ], C[i — hlf])

8 )

9 def upwind(nt: int, C: np.ndarray, psi: np.ndarray):
10 i = slice(l, len(psi) — 1)

11 for _ in range(nt):

12 step(psi, i, O




MPDATA key concepts: Courant number & UPWIND stability criterion

e introducing non-dimensional Courant number C' = u&t:

Ax®
I = = [0, W Clyaja) — TP, 0%, C )]

yields a conservative and sing-preserving “UPWIND" hello-world scheme stable for |C| < 1.

1 def f(psi.l, psi.r, C):
1.01 — initial
2 return .5 % (C + abs(C)) * psi l + \ analytic
—— UPWIND
3 .5 % (C— abs(C)) % psi.r 084
4 def step(psi: np.ndarray, i: slice, C: np.ndarray):
5 psi[i] = psi[i] — ( 0.6
6 f(psili 1, psi[i + one], C[i + hlf]) —
7 f(psi[i — one], psi[i ], C[i— hlf]) 0.4
8 )
9 def upwind(nt: int, C: np.ndarray, psi: np.ndarray): 0-21
10 i = slice(l, len(psi) — 1)
0.0
11 for _ in range(nt): ! . . ! . ! ! ! !
-100 -50 0 50 100 150 200 250 300
12 step(psi, i, Q)




MPDATA key concepts: numerical diffusion & modified-equation analysis

e UPWIND incurs numerical diffusion, quantifiable using Taylor expansion (const. C' for simplicity):
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e which substituted to the UPWIND formula yields (up to second-order terms):
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MPDATA key concepts: numerical diffusion & modified-equation analysis

e UPWIND incurs numerical diffusion, quantifiable using Taylor expansion (const. C' for simplicity):
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e which substituted to the UPWIND formula yields (up to second-order terms):
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where 929 can be replaced with spatial derivative using the Cauchy-Kovalevskaya procedure:
A At in
+ udph|} (\u|—$—72 )82“\

k — numerical diffusion

(e.g., Roberts & Weiss 1966, doi:10.2307,/2003507)
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MPDATA key concepts: antidiffusive pseudo-velocities

o diffusion can be cast as advection with a pseudo-velocity:

Ozt

o) = k02 + ...~ Oph+ (k=) = ...

pseudo-velocity

(e.g., Lange 1973, doi:10.2172/4308175)
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MPDATA key concepts: antidiffusive pseudo-velocities

o diffusion can be cast as advection with a pseudo-velocity:

Ozt

(9tf4€7:k:@£’gs‘°;+... ~ O+ O (k ) =...

pseudo-velocity

(e.g., Lange 1973, doi:10.2172/4308175)

e “Smolarkiewicz algorithm” (MPDATA): upwind-integrate backwards-in-time, with an anti-diffusive
pseudo velocity to reverse the effects of numerical diffusion, iteratively (m numbers iteration)

Cij{}Q = Eki—l/Z

[1CT )2l = (CF4 /)] 7i7,n:’ L otherwise

m
i—1

m {0 i =0

Wb

i—1/2

(Smolarkiewicz 1983 MWR, 1984 JCP: doi:10.1016/0021-9991(84)90121-9)
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MPDATA hello-world (1D, single iteration) implementation

[y

def C_corr(C: np.ndarray, i: slice, psi: np.ndarray):
return (abs(C[i— hlf]) — C[i— hlf] **% 2) * (
psi[i] — psi[i — one]
)/ (
psi[i— one] + psi[i]
)
def mpdata(nt: int, C: np.ndarray, psi: np.ndarray):
i = slice(l, len(psi) — 1)
i_ext = slice(l, len(psi))

for _ in range(nt):

[
= O O 00 N O 1 & W N

upwind(psi, i, C)

[ay
N

upwind(psi, i, C._corr(C, i_ext, psi))




MPDATA hello-world (1D, single iteration) implementation

1  des C_corr(C: np.ndarray, i: slice, psi: np.ndarray):

2 return (abs(C[i— hlf]) — C[i— hlf] **% 2) * ( 10] —

3 psi[i] — psi[i — one] —_ LaJrI:\a/\II)IlIt\I‘CD

4 v 081 —— MPDATA

5 psi[i— one] + psi[i] 0.6

6 )

T  def mpdata(nt: int, C: np.ndarray, psi: np.ndarray): 047

8 i = slice(l, len(psi)— 1) 0.2

9 i_ext = slice(l, len(psi))

10 for _ in range(nt): 007 ! ! ! ! ! ! ! ! !
-100 -50 0 50 100 150 200 250 300

11 upwind(psi, i, C)

12 upwind(psi, i, C._corr(C, i_ext, psi))




MPDATA: "M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)

donorcell t/dt=0

0.8
0.6
0.4
0.2

0.8
0.6
0.4
0.2
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MPDATA: "M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)
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MPDATA: "M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)

1
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MPDATA variants (structured grid)

e basic (+iterations): Smolarkiewicz 1983

e n-dimensions, diffusion, divergent flow corrections: Smolarkiewicz 1984

e coordinate transformation: Smolarkiewicz and Clark 1986, Smolarkiewicz and Margolin 1993
e resursive anti-diffusive velocities: Beason & Margolin 1988

e flux-corrected transport: Smolarkiewicz and Grabowski 1990

e third-order terms: Smolarkiewicz and Margolin 1998

e infinite-gauge variant: Smolarkiewicz 2006

e fully third-order variant: Waruszewski et al. 2018



MPDATA implementations

known closed-source (Numerical Weather Prediction):
e COSMO
e ECMWEF IFS

open-source:
integrated into CFD packages:

10
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https://github.com/open-atmos/PyMPDATA
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MPDATA implementations

known closed-source (Numerical Weather Prediction):

e COSMO
e ECMWEF IFS

open-source:

integrated into CFD packages:

AtmosFOAM
ROMS

PISM
babyEULAG
apc-lic/mpdata

C++ & Python/Numba
FORTRAN
CH++
FORTRAN
C/CUDA

3D
2D
2D
3D

€©)/AtmosFOAM
©/myroms

Q) /pism

€ /igfuw/bE_SDs
©/apc-lic

U. Reading

UCLA (?)

U. Alaska Fairbanks
NCAR

RAS (?)
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MPDATA implementations

known closed-source (Numerical Weather Prediction):
e COSMO
e ECMWEF IFS

open-source:
integrated into CFD packages:
AtmosFOAM C++ & Python/Numba 3D ©)/AtmosFOAM  U. Reading

ROMS FORTRAN 3D ©/myroms UCLA (?)
PISM C++ 2D Q) /pism U. Alaska Fairbanks
babyEULAG FORTRAN 2D Q/igfuw/bE_SDs NCAR
apc-lic/mpdata C/CUDA 3D ©/apc-lic RAS (?)

reusable:
libmpdata++ | C++/Blitz++ | 123D | O/igfuw IGF FUW
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https://github.com/pism
https://github.com/igfuw/bE_SDs
https://github.com/apc-llc/mpdata
https://github.com/igfuw/libmpdataxx
https://github.com/open-atmos/PyMPDATA

MPDATA implementations

known closed-source (Numerical Weather Prediction):
e COSMO
e ECMWEF IFS

open-source:
integrated into CFD packages:

AtmosFOAM C++ & Python/Numba 3D ©)/AtmosFOAM  U. Reading
ROMS FORTRAN 3D ©/myroms UCLA (?)
PISM C++ 2D Q) /pism U. Alaska Fairbanks
babyEULAG FORTRAN 2D Q/igfuw/bE_SDs NCAR
apc-lic/mpdata C/CUDA 3D ©/apc-lic RAS (?)

reusable:
libmpdata++ C++/Blitz++ 1,23D | O/igfuw IGF FUW
PyMPDATA Python/Numba 1,2,3D | ©/open-atmos uUJ, AGH

10


https://github.com/hilaryweller0/AtmosFOAM
https://github.com/myroms
https://github.com/pism
https://github.com/igfuw/bE_SDs
https://github.com/apc-llc/mpdata
https://github.com/igfuw/libmpdataxx
https://github.com/open-atmos/PyMPDATA

plan of the talk

e PyMPDATA: pure-Python just-in-time compiled MPDATA

11



PyMPDATA: design goals, tech stack, features

e Numba JIT ~~ pure-Python code with compiled-language performance
(plus OpenMP-like multi-threading, but no profiling tools)

—

V
\s

PyMPDATA
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PyMPDATA: 100% Python codebase

@numba.njit(**options.jit flags)
def a_term(psi):
"""eq. 13 in [Smolarkiewicz 1984](
eq. 17a in [Smolarkiewicz & Margolin 1998] ( R
result = ats(*psi, 1) - ats(*psi, 0)
if infinite_gauge:
return result / 2
return result / (ats(*psi, 1) + ats(*psi, 0) + epsilon)

@numba.njit(**options.jit flags)
def b_term(psi):
"""eq. 13 in [Smolarkiewicz 1984](
eq. 17b in [Smolarkiewicz & Margolin 1998]( e
result = ats(*psi, 1, 1) + ats(*psi, 0, 1) - ats(*psi, 1, -1) - ats(*psi, 0, -1)
if infinite_gauge:
return result / 4

return result / (
ats(*psi, 1, 1)
+ ats(*psi, 0, 1)
+ ats(*psi, 1, -1)
+ ats(*psi, 0, -1)
+ epsilon




PyMPDATA: design goals, tech stack, features

e runs on Linux, macOS & Windows (no compilation, just " pip install")
\/7

PyMPDATA

14



PyMPDATA: design goals, tech stack, features

\/7' e > 90% unit-test coverage (codecov) and growing...

\s

PyMPDATA

14



PyMPDATA: design goals, tech stack, features

V’ °

w e API: 5 classes & single "advance” method

PyMPDATA

14



PyMPDATA: design goals, tech stack, features

o
V’ °
\.If [ ]

e array-traversal abstractions avoiding explicit fill-halo or barrier calls

PyMPDATA

14



PyMPDATA: design goals, tech stack, features

v ®
\/ .

e docs (and Cl) covers usage from Python, Julia, Matlab and Rust

PyMPDATA

14



PyMPDATA: design goals, tech stack, features

v ®
\/ .

PyMPDATA °

e suite of 20+ Jupyter notebook examples maintained with the project
all with badges enabling single-click execution on Colab

14



PyMPDATA: design goals, tech stack, features

PyMPDATA

e examples in 1D, 2D & 3D: advection-diffusion, bin cloud u-physics,

spherical coordinates, shallow-water, Black-Scholes, Burgers, Boussinesq
14



plan of the talk

e PyMPDATA documentation and "examples”
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PyMPDATA & PyMPDATA-examples docs: open-atmos.Q.io/PyMPDATA

What is PyMPDATA?

PyMPDATA is a Numba-accelerated [lIREGIEELELR] Pythonic implementation of the MPDATA
algorithm of Smolz et al. used in [l R R L [e] and beyond for numerically
solving generalised [oL a2 2. PyMPDATA supports integration in 1D, 2D and
3D structured meshes with optional coordinate transformations. The first animation shown depicts a
"hello-world" 2D advection-only simulation with dotted lines indicating [slelysEYRs[TelolyyTeTel]

three threads. The second animation depicts an MPDATA solution to coupled mass and momentum
conservation equations for a buoyancy-driven flow in Boussinesq approximation (see Jaruga et ¢
2015 example).

A separate project called PyMPDATA-MPI depicts how numba-mpi can be used to enable
ibuted memory parallelism LRSIV M

What is the difference between PyMPDATA and
PyMPDATA-examples?

PyMPDATA is a Python package that provides the MPDATA algorithm implementation. It is a library that
can be used in your own projects.

PyMPDATA-examples is a Python package that provides examples of how to use PyMPDATA. It includes
common Python modules used in PyMPDATA smoke tests and in example Jupyter notebooks (but the
package wheels do not include the notebooks, only .py files imported from the notebooks and
PyMPDATA tests).



https://open-atmos.github.io/PyMPDATA

https://doi.org/10.5194/gmd-15-3879-2022

MPDATA for condensational growth in bin p-physics (Olesik et al. 2022)
Geosci. Model Dev., 15, 3879-3899, 2022

On numerical broadening of particle-size spectra: a condensational
growth study using PyMPDATA 1.0

Michael A. Olesik', Jakub Banaskiewicz?, Piotr Bartman?, Manuel Baumgartner®*, Simon Unterstrasser’, and
Sylwester Arabas®> . .
e spectro-spatial advection
k) MPDATA iterations: 1 . MPDATA iterations: 2 ® MPDATA iterations: 3 H
g £ 2 (single-column model)
= = =
e E E )
3 3 3 e spectral broadening
= = e
3 30 30 .
= = = vs. MPDATA options
3.0 3.0
2. 2.
«20 “20
= =
3 EX
0.0 20.2 0.0
7.4 106138170
1042 et radivs Lum]

10 42 7

.4 10.6 13.8 17.0 20.2
droplet radius (um)

10 42 7

.4 106 13.8 17.0 20.2
““roplet radius (um]
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MPDATA for Asian option pricing using 2D PDE (Magnuszewski et al. 2025)

(a) advector field (constant in time)
normalised running sum
50 75 100 125

0o 25 150 175 200 (c) advectee at t=T/2
N 20
18 \\6\
16 o % %
14 )
g in g
z 3 =
S < 10 3
2 . 2 2
H x 8 2 5
6
Qi itative Finance > C { Finance 4
[Submitted on 30 May 2025] 2
- . . 4
Path-dependent option pricing with two-
dimensional PDE using MPDATA (b) advectee at t=T (d) advectee at t=0
20 7 200
Pawet Magnuszewski, Sylwester Arabas 18 7 i‘;g
16 ° 155
In this paper, we discuss a simple yet robust PDE method for evaluating path- ) 140
tyle options using the llatory forward-in-time second- 31 R | FECN 3 -
order MPDATA finite-difference scheme. The valuation methodology involves casting S § ruos s £
the Black-Merton-Scholes equation as a transport problem by first transforming it X0 95 & ¥ 3
into a homogeneous advection-diffusion PDE via variable substitution, and then 5 8 e > X 5
expressing the diffusion term as an advective flux using the pseudo-velocity technique. 6
4 65
2
4 50
0 2 4 6 8 1012 14 16 18 20 22 24 26 28 30 0 2 4 6 8 1012 14 16 18 20 22 24 26 28 30
yiby yiby

OO ORD PO
DO S LS

instrument value
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MPDATA for Asian option pricing using 2D PDE (Magnuszewski et al. 2025)

of O P LOf  of
ot "5t S a5z tvaa /=0
(x — xo)/Ax

2 3 4 5 6 7 8 9 10 11 12 13
25 . . . . . . . . . . . \

- European analytic (Black-Scholes '73)
Asian arithmetic UPWIND solution
20 1 - Asian arithmetic MPDATA (2 it.) solution
—e— Asian arithmetic MPDATA (4 it.) solution
Asian arithmetic by Monte-Carlo (N =100000) .
151 —— Asian geometric analytic (Kemna & Vorst '90)

101

instrument value

60 70 80 90 100 110 120
price of the underlying at t=0 (spot price)

arXiv:2505.24435 19



Eulerian transport for PySDM (the original reason for PyMPDATA dev)

—5.0e+10
= le+10

le+9

https://pypi.org/p/PySDM

0

Time:100min le+8

le+7

multiplicity

le+6

100000
2.0e+04

1110 A

300 600 900 1200
X (m) 10

PySDM :

effective radius (um)

20


https://pypi.org/p/PySDM

Eulerian transport for PySDM: pure-Python implementation of MetOffice KiD

@ O nhttpsi/adehillgithub.io/KiD-A/
KiD-A

Kinematic Driver (KiD) and Aerosol model
used in the International Cloud Modelling
Workshop (ICMW) 2016 and the GASS
microphysics project

View on GitHub

« Introduction
» Overview of the KiD-A project
» Kinematic Driver Model (KiD)
« KiD-A intecomparison testcases
1D and 2D kinematic cases
= Aerosol specifications for
1D and 2D case
= 1D case
= 2D stratocumulus (Sc 2D)
Box model tests with KiD
= Box - Condensational
growth
= Box - Collision-coalescence
growth
» Diagnostics

21



Eulerian transport for PySDM: pure-Python implementation of MetOffice KiD

W O https:/adehill.github.io/KiD-A/

. Geosci. Model Dev., 16, 4193-4211, 2023
KiD-A https://doi.org/10.5194/gmd-16-4193-2023

© Author(s) 2023. This work is distributed under
the Creative Commons Attribution 4.0 License

Kinematic Driver (KiD) and Aerosol model
used in the International Cloud Modelling

Workshop (ICMW) 2016 and the GASS . . . . e
microphysics project Breakups are complicated: an efficient representation of collisional

breakup in the superdroplet method

View on GitHub Emily de Jong!, John Ben Mackay>*, Oleksii Bulenok®, Anna Jaruga®, and Sylwester Arabas™®<

'Dep of ical and Civil Engineering, California Institute of Technology, Pasadena, CA, USA
'Sclipps Institution of Oceanography, San Diego, CA, USA
F1cu|w of Mathematics and Computer Saence Jagiellonian University. Krakéw. Poland
of E Science and Ei g. California Institute of Technology, Pasadena, CA, USA
‘1- culty of Physics and Applied Computer Suence AGH University of Krakow, Krakéw, Poland
formerly at: Department of Environmental Science and Engineering, California Institute of Technology, Pasadena, CA, USA

Jaded [eojuyos} pue juswdojaraqg

« Introduction

« Overview of the KiD-A project Pformerly at: Department of Atmospheric Sciences, University of Illinois Urbana-Champaign, Urbana, IL, USA
« Kinematic Driver Model (KiD) formerly at: Faculty of Mathematics and Computer Science, Jagiellonian University, Krakéw, Poland
* KiD-A intecomparison testcases breakup rate [s™* kg~!] breakup rate [s™! kg~!]
10° 10! 10? 10° 104 10° 10! 10? 10° 10*

1D and 2D kinematic cases

= Aerosol specifications for 5 5
1D and 2D case
= 1D case 4 4
= 2D stratocumulus (Sc 2D) . i 3
Box model tests with KiD € Sl £
» Box- Condensational Ng w3
growth
= Box - Collision-coalescence A L 1
growth o L > S (h) " X (i)
« Diagnostics 0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500

time [s] time [s] 21



Eulerian transport for PySDM: pure-Python implementation of MetOffice KiD

Volume 16, Issue 7

Journal of Advances in
JAMES Modeling Earth Systems”

July 2024
Research Article & OpenAccess @ ® 2023MS004028
Training Warm-Rain Bulk Microphysics Schemes Using Super-Droplet m This article also appears in:
Simulations m The CliMA Earth System Model

Sajjad Azimi 4, Anna Jaruga, Emily de Jong, Sylwester Arabas, Tapio Schneider
First published: 26 July 2024 | https://doi.org/10.1029/2023MS004028
Abstract

Cloud microphysics is a critical aspect of the Earth's climate system, which involves processes at the nano- and
micrometer scales of droplets and ice particles. In climate modeling, cloud microphysics is commonly
represented by bulk models, which contain simplified process rates that require calibration. This study presents
a framework for calibrating warm-rain bulk schemes using high-fidelity super-droplet simulations that provide a
more accurate and physically based representation of cloud and precipitation processes. The calibration
framework employs ensemble Kalman methods including Ensemble Kalman Inversion and Unscented Kalman
Inversion to calibrate bulk microphysics schemes with probabilistic super-droplet simulations. We demonstrate
the framework's effectiveness by calibrating a single-moment bulk scheme, resulting in a reduction of data-
model mismatch by more than 75% compared to the model with initial parameters. Thus, this study
demonstrates a powerful tool for enhancing the accuracy of bulk microphysics schemes in atmospheric models
and improving climate modeling.
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

0 500 X(m) 1000 1500
500 500
400 400
300 300 _
Z(m) Z(m) s
200 200 - 0.95 2
[
)
100 10009 =
i
o o fossz
- - - - 08
0 500 X(m) 1000 1500

Journal of Advances in Modeling Earth Systems / Volume 17, Issue 4 / €2024MS004770

Immersion Freezing in Particle-Based Aerosol-Cloud Microphysics:
A Probabilistic Perspective on Singular and Time-Dependent Models

Sylwester Arabas %, Jeffrey H. Curtis, Israel Silber, Ann M. Fridlind, Daniel A. Knopf,
Matthew West, Nicole Riemer 2«

First published: 12 April 2025
https://doi.org/10.1029/2024MS004770 23



Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 60 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, g = 2.
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 90 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 120 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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16416 super-particles/cell for INP-rich 4+ INP-free particles

Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)

spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 180 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 210 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 270 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler

Time: 330 s (spin-up till 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 360 s (spin-up till 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 390 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 420 s (spin-up till 600.0 s)

= Imkﬁ hIWP Ht&u!&!{ H‘.’ZIEI m
10 ’!‘l&ﬁ" T SIS T B!h.l:td’!
J lg&%&ﬂﬂm&['ﬁﬂ?ns’? ES""NQE‘V\ %95 !
' _yl A% 5 Fa0 My NN%M ﬂgh‘. v

SERNE
AR

| ——
o — N o

[6)]
radius [um] (particles)

16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =
spin-up = freezing off; subsequently frozen particles act as tracers

— 250

— 200

— 150
100
50

n¢ [1/cc] (wireframe)

23



Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 450 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 480 s (spin-up till 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 510 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 540 s (spin-up till 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 570 s (spin-up till 600.0 s)
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Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 630 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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Time: 660 s (spin-up till 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 690 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 720 s (spin-up till 600.0 s)

» 500 s R ¥ 500
4 Ly SR i r i wu:mm —
03w w  HOF
5 E ek ,«}4%5” ,{; -~ 200 2
= 150 “;’
2 H ~
Ei 100 —
=3 50 3
B N 0 ¢
‘ . . = £ e v‘
0 500 X () 1000 1500

16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 750 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler

Time: 810 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 840 s (spin-up till 600.0 s)
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Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers

23



Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 870 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 900 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 930 s (spin-up till 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 960 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, g = 2.
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 990 s (spin-up till 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, g = 2.
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1020 s (spin-up fill 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 10580 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1080 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1110 s (spin-up fill 600.0 s)
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1140 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =2.55)
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1170 s (spin-up fill 600.0 s)
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16416 super-particles/cell for INP-rich 4+ INP-free particles
Naer = 300/cc (two-mode lognormal)  Nyyp = 150/L (lognormal, Dy =0.74 um, og =
spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)

Time: 1200 s (spin-up fill 600.0 s)
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spin-up = freezing off; subsequently frozen particles act as tracers
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Eulerian transport for PySDM: 2D prescribed-flow framework (Kessler '69)
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PyMPDATA & Trixi.jl in one notebook (basic 2D advection)

G CO_0pen in Colab

Introduction

Trixi.jl is a numerical simulation framework for conservation laws written in Julia. It is based on the Discontinuous Galerkin
(DG) method and for the purpose of this comparison, we will use the Struct for data repi ion.

This notebook compares the results of a simple advection equation solved in 2D by PyMPDATA and Trixi.jl. The general flow
of the notebook is as follows:

define the advection equation and the common settings for both PyMPDATA and Trixi.jl in the JSON file;

run the simulation in Trixi.jl and save the results;

use Trixi2Vtk to convert the results to a vtk file;

reshape the results from Trixi,jl to match the shape of the results from PyMPDATA;

run the simulation in PyMPDATA for a bigger nx and ny, to account for the polynomial degree in Trixijl;
compare the results from PyMPDATA and Trix.jl;

assert that the results are close to each other, this is to ensure that the implementation of PyMPDATA is correct.

NouswNpE

To run the notebook, Julia and the following Julia packages are required:

« JSON
« Trixi
« OrdinaryDiffEq
o Trixi2vtk
« Pkg
In 112 jnport sys
if 'google.colab’ in sys.modules
Ipip --quiet install open-atmos-jupyter-utils
from open_atmos_jupyter utils import pip_install on colab
pip_install on_colab('PyMPDATA-examples')
In [ 15 4¢ ‘google.colab' in sys.modules
A_URL = "https://julialang-s3.julialang.org/bin/linux/x64/1.11/julia-1.11.1-linux-x86_64.tar.gz"

twget -nv $JULTA URL -0 /tmp/julia.tar.gz
ttar -x -f /tmp/julia.tar.gz -C /usr/local --strip-components 1
trm /tmp/julia.tar.gz 24
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libmpdata++: open-source MPDATA implementation in C++ using Blitz++

Geosci. Model Dev., 8, 1005-1032, 2015
www.geosci-model-dev.net/8/1005/2015/
doi:10.5194/gmd-8-1005-2015

libmpdata++ 1.0: a library of parallel MPDATA solvers for systems
of generalised transport equations

A. Jaruga', S. Arabas', D. Jarecka'2, H. Pawlowska', P. K. Smolarkiewicz’, and M. Waruszewski'

Unstitute of Geophysics, Faculty of Physics, University of Warsaw, Warsaw, Poland
2National Center for Atmospheric Research, Boulder, CO, USA
3European Centre for Medium-Range Weather Forecasts, Reading, UK

Correspondence to: A. Jaruga (ajaruga@igf.fuw.edu.pl) and H. Pawlowska (hanna.pawlowska@igf.fuw.edu.pl)
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Numba JIT & multi-threading: PyMPDATA vs. libmpdata++ performance

(@)

wall time per timestep [s]

10°

1073 4

—— PyMPDATA: Numba JIT disabled
—o— libmpdata++

PyMPDATA: dynamic grid
—&— PyMPDATA: static grid

2 3
number of threads

(b)

walltime per timestep [s]

10—1 B

1072 4

10*3 B

—8— libmpdata++ (3 threads) /
PyMPDATA: dynamic grid (3 threads)

8 16 32 64 128
N (where grid=NxNxN)

Bartman et al. 2022 (JOSS, doi:10.21105/j0ss.03896)

27



plan of the talk

e MPI, HPC & distributed-memory parallelisation?

28



introducing Numba-MPI (now a dependency of py-pde)

SoftwareX
Volume 28, December 2024, 101897

il Scienc

Original software publication

Numba-MPI v1.0: Enabling MPI communication
within Numba/LLVM JIT-compiled Python code

Kacper Derlatka ®*, Maciej Manna © 2, Oleksii Bulenok ® 3, David Zwicker ®, Sylwester Arabas ¢ 2 X

@ Faculty of Mathematics and Computer Science, Jagiellonian University in Krakéw, Poland

> Max Planck Institute for Dynamics and Self-Organization, Géttingen, Germany
Faculty of Physics and Applied Computer Science, AGH University of Krakow, Poland

https://doi.org/10.1016/j.s0ftx.2024.101897
Under a Creative Commons license 7 Open access

Abstract

The numba-mpi package offers access to the Message Passing Interface (MPI) routines from Python code that
uses the Numba just-in-time (JIT) compiler. As a result, high-performance and multi-threaded Python code
may utilize MPI communication facilities without leaving the JIT-compiled code blocks, which is not possible
with the mpi4py package, a higher-level Python interface to MPI. For debugging or code-coverage analysis
purposes, numba-mpi retains full functionality of the code even if the JIT compilation is disabled.
29



PyMPDATA-MPI

pympdata-mpi 0.1.1

pip install pympdata-mpi ™ Released: Apr 4, 2025

PYMPDATA + numba-mpi coupler sandbox

Navigation Project description

Project descrip

PyMPDATA-MPI

D Release history

& Download files - - =
= pL_Funding by NCN | License GPL3 | Copyriaht Jasiellonian University | DO1 | 10.5281/zenodo 10866521
Verified details @

o s 011

These detals have.

Waintainess PyMPDATA-MPI constitutes a PyMPDATA + numba-mpi coupler enabling numerical solutions of transport equations
with the MPDATA numerical scheme in a hybrid parallelisation model with both multi-threading and MPI distributed
m Sfonxu memory communication. PyMPDATA-MPI adapts to API of PyMPDATA offering domain decomposition logic.
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PyMPDATA-MPI: customisable hybrid threading + MPI parallelisation

threading dim = MPI dim

threading dimension % MPI dimension

15
10 y/dy
5

-4 Derlatka et al. 2024 (SoftwareX, doi:10.1016/j.s0ftx.2024.101897)
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code contributors (CS, math & physics students):
Jakub Banaskiewicz (UJ), Piotr Bartman (UJ), Kacper Derlatka (UJ, Pega), Szymon Drenda (UJ),

Adrian Jaskowiec (AGH), Piotr Karas (AGH), Norbert Klockiewicz (AGH), Michat Kowalczyk (AGH),
Kacper Majchrzak (AGH), Pawet Magnuszewski (AGH), Maciej Manna (UJ, Autodesk), Wojciech Neuman (AGH),
Michael Olesik (UJ), Arkadiusz Paterak (AGH), Paulina Pojda (AGH), Wiktor Prosowicz (AGH),
Weronika Romaniec (AGH), Pawet Rozwoda (UJ), Michat Sadowski (UJ), Jan Stryszewski (AGH),

Michat Szczygiet (AGH), Michat Wronski (AGH), Joanna Wéjcicka (AGH), Antoni Zieciak (AGH),

Agnieszka Zaba (AGH), new contributors very welcome!
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™ 106TH
e ANNUAL MEETING

2028|  AMERICAN METEOROLOGICAL SOCIETY
25-29 JANUARY 2026 | HOUSTON, TX & ONLINE

18th Symposium on Aerosol-Cloud- Climate Interactions
Third Symposium on Cloud Physics

Abstracts are due by 14 August 2025 at 5:00 PM ET

Joint Sessions
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Thank you for your attention!
sylwester.arabas@agh.edu.pl
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MPDATA Wikipedia article: contributions welcome!

https://en.wikipedia.org/wiki/Draft:MPDATA
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Description of the basic scheme in 1D ¢

MPDATA is inherently multi-dimensional, and primarily used in computational fluid dynamics where the advective
volocities and problem geometries are variable in time. Still, the key idea underlying the MPDATA approach can be

conveyed with a basic example of solenoidal stationary flow in one dimension(*!! (i.e., v = [u] constant in time and
space), without coordinate transformation (G = 1), for the case of homogeneous advection (R = 0) of a nonnegative

scalar field (4 > 0), with the following flux form of the advection equation:

0. )

Upwind discretisation of the problem on a regular staggered grid with a time step At and a grid step Az, with
n=t/At, i = z/Az, and the half-integer spatial indices corresponding to grid-cell walls:

Ui-3/2 Uioyjz Uitz Uisz/a
5 2 | . | .

Yi1 ¥i Vi1
can be formulated with:

bt bund woll i et wal B
o SO W) — T Y ) =
At Az -

!

Y

with the flux function defined using positive and negative parts of u:y/, as:

podiive part’  nogative part
oty
1 ) vt u— [u] (@)
by Py ) = ——— P + ———— Py
i,y 3 1 7 ¥

Introducing the non-dimensional Courant number C = uAt/Agz, the resultant explicit-in-time scheme (referred to as
"upwind®, "upstream" or "donor-cell"), for a constant C reads:
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