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introduction: cloud physics (@UJ)



https://matinf.uj.edu.pl/en_GB/o-nas/historia
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Council of the Jagiellonian University Faculty of Philosophy in 1900
... August Witkowski - physicist, Rector in 1910-1911; Kazimierz Żorawski -
mathematician, Rector in 1917-1918; Maurycy Pius Rudzki - astronomer

https://matinf.uj.edu.pl/en_GB/o-nas/historia


https://kpbc.umk.pl/dlibra/publication/75254/edition/86027/content
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https://kpbc.umk.pl/dlibra/publication/75254/edition/86027/content


Maurycy Pius Rudzki (1862–1916)
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“Principles of Meteorology” book (1917)
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“Principles of Meteorology” book (1917)



Rudzki: “Principles of Meteorology” book (1917)
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http://pbc.gda.pl/dlibra/docmetadata?id=18434 (+ Google Translate)

... in the atmosphere, nuclei are needed for condensation ... the air contains a lot of
smoke, molecules of acids e.t.c. ... all these are hygroscopic bodies that attract vapour
even when the air is not saturated yet ... everything we have said so far only applies to
to lonely drops, meanwhile, as rightly pointed out by Smoluchowski, usually it is not a
single drop that falls but a whole plenty ... contrast between the sizes of drops, of
which clouds are made up, and the size of raindrops, is so great that the latter, of
course, can not come straight from the condensation, only from the merging of many
small ones droplets ... the drops are all different, one smaller, the other bigger, but
most often drops occur with weight ratios of 1,2,4,8 ... we thus conclude that droplets
most often combine with those of equal size

http://pbc.gda.pl/dlibra/docmetadata?id=18434
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introduction:modelling coagulation



cloud droplet collisional growth
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figure: Piotr Bartman



Smoluchowski’s coagulation equation (SCE)
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droplet concentration: c(x , t) : R+ × R+ → R+

collision kernel: a(x1, x2) : R+ × R+ → R+

ċ(x) =
1
2

∫ x
0
a(y , x − y)c(y)c(x − y)dy −

∫ ∞
0
a(y , x)c(y)c(x)dy (1)

droplet concentration: ci = c(xi )

ċi =
1
2

i−1∑
k=1

a(xk , xi−k)ckci−k −
∞∑
k=1

a(xk , xi )ckci (2)



SCE: challenges/problems
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analytic solutions to the equation are known only for
simple kernels

the numerical methods for SCE suffer from the curse of
dimensionality due to the need to distinguish particles of
same size x but different properties
in practice, the assumptions of the Smoluchowski
equation may be difficult to meet:

(i) the particle size changes at the same time
(ii) it is assumed that the system is large enough

and the droplets inside are uniformly
distributed, which in turn is only true for a
small volume in the atmosphere

. . .



SCE: challenges/problems

11/45

analytic solutions to the equation are known only for
simple kernels
the numerical methods for SCE suffer from the curse of
dimensionality due to the need to distinguish particles of
same size x but different properties

in practice, the assumptions of the Smoluchowski
equation may be difficult to meet:

(i) the particle size changes at the same time
(ii) it is assumed that the system is large enough

and the droplets inside are uniformly
distributed, which in turn is only true for a
small volume in the atmosphere

. . .



SCE: challenges/problems

11/45

analytic solutions to the equation are known only for
simple kernels
the numerical methods for SCE suffer from the curse of
dimensionality due to the need to distinguish particles of
same size x but different properties
in practice, the assumptions of the Smoluchowski
equation may be difficult to meet:

(i) the particle size changes at the same time
(ii) it is assumed that the system is large enough

and the droplets inside are uniformly
distributed, which in turn is only true for a
small volume in the atmosphere

. . .



SCE: challenges/problems

11/45

analytic solutions to the equation are known only for
simple kernels
the numerical methods for SCE suffer from the curse of
dimensionality due to the need to distinguish particles of
same size x but different properties
in practice, the assumptions of the Smoluchowski
equation may be difficult to meet:

(i) the particle size changes at the same time

(ii) it is assumed that the system is large enough
and the droplets inside are uniformly
distributed, which in turn is only true for a
small volume in the atmosphere

. . .



SCE: challenges/problems

11/45

analytic solutions to the equation are known only for
simple kernels
the numerical methods for SCE suffer from the curse of
dimensionality due to the need to distinguish particles of
same size x but different properties
in practice, the assumptions of the Smoluchowski
equation may be difficult to meet:

(i) the particle size changes at the same time
(ii) it is assumed that the system is large enough

and the droplets inside are uniformly
distributed, which in turn is only true for a
small volume in the atmosphere

. . .



context: aerosol-cloud-precipitation interactions (scales!)

12/45

“Cloud and ship. Ukraine, Crimea, Black sea, view from Ai-Petri mountain”

(photo: Yevgen Timashov / National Geographic)



probabilistic particle-based simulations
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Super-droplet simulation of a shallow convective cloud

(figure: Shima et al. 2009, QJRMS)



Super-Droplet Method (SDM)
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Conceptual view of collision in SDM.
(figure: Shima et al. 2009, QJRMS)

γ =

⌈
a(v[j], v[k])

∆t

V
max{ξ[j], ξ[k]}

nsd (nsd − 1)/2

nsd/2
− φγ
⌉

(3)

φγ ∼ Uniform[0, 1)

assume ξ[j] > ξ[k] and γ̃ = min{γ, bξ[j]/ξ[k]c}



Super-Droplet Method (SDM)
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1. ξ[j] − γ̃ξ[k] > 0

ξ̂[j] = ξ[j] − γ̃ξ[k]

Âex[j] = A
ex
[j]

ξ̂[k] = ξ[k]

Âex[k] = A
ex
[k] + γ̃Aex[j]

(4)

2. ξ[j] − γ̃ξ[k] = 0

ξ̂[j] = bξ[k]/2c
Âex[j] = Â

ex
[k]

ξ̂[k] = ξ[k] − bξ[k]/2c
Âex[k] = A

ex
[k] + γ̃Aex[j]

(5)



SCE vs SDM: differences
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method type

Mean-field, deterministic Monte-Carlo, stochastic

considered pairs

all (i,j) pairs

random set of nsd/2
non-overlapping pairs, probability
up-scaled by (n2

sd − nsd)/2 to
nsd/2 ratio

computation complexity

O(n2
sd) O(nsd)



SCE vs SDM: differences
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collisions

colliding a fraction of ξ[i ], ξ[j]
collide all of min{ξ[i ], ξ[j]}
(all or nothing)

collisions triggered

every time step by comparing probability with a
random number



SCE vs SDM: solutions (Golovin kernel with analytic sol.)
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SDM: non-trivial kernels (vs. plots from Berry 1967)
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more: https://arxiv.org/abs/2101.06318
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Piotr’s talk on Thu June 17 @ ICCS (paper accepted to LNCS):
https://easychair.org/smart-program/ICCS2021/2021-06-17.

html#talk:168705

https://arxiv.org/abs/2101.06318
https://easychair.org/smart-program/ICCS2021/2021-06-17.html#talk:168705
https://easychair.org/smart-program/ICCS2021/2021-06-17.html#talk:168705
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PySDM



http://atmos.ii.uj.edu.pl
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http://atmos.ii.uj.edu.pl


https://github.com/atmos-cloud-sim-uj/PySDM/discussions/561

22/45

figure: Oleksii Bulenok

https://github.com/atmos-cloud-sim-uj/PySDM/discussions/561


https://github.com/atmos-cloud-sim-uj/PySDM/
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https://github.com/atmos-cloud-sim-uj/PySDM/
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demo



PySDM: highlights
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refactorable and maintainable code (Piotr Bartman)

CPU and GPU backends (Piotr Bartman)

bespoke adaptive condensational growth solver (ODE, partly implicit)

hassle-free installation and usage on Linux, Windows and macOS

several examples in the form of cloud-runnable Jupyter notebooks

extensive test coverage and automated CI runs on three targeted platforms,
32-/64-bit architectures, different Python versions

API documentation auto-deployed on the web

usage examples in Python, Julia and Matlab

open and reproducible research ready
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more: https://www.youtube.com/watch?v=s7iM9RBtULU

26/45(talk @ Improving Scientific Software Conference, NCAR, Boulder, Colorado)

https://www.youtube.com/watch?v=s7iM9RBtULU


more: https://arxiv.org/abs/2103.17238
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(submitted to JOSS)

https://arxiv.org/abs/2103.17238


https://github.com/atmos-cloud-sim-uj/PySDM/discussions/561
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figure: Oleksii Bulenok

https://github.com/atmos-cloud-sim-uj/PySDM/discussions/561
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MPDATA
a.k.a. the Smolarkiewicz method
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MPDATA: key features (review: e.g. Smolarkiewicz 2006)
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Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes
Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields
Conservative:
upstream for all iterations ( stability cond.)
High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)
Monotonic:
with Flux-Corrected Transport option



MPDATA: key features (review: e.g. Smolarkiewicz 2006)

31/45

Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes

Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields
Conservative:
upstream for all iterations ( stability cond.)
High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)
Monotonic:
with Flux-Corrected Transport option



MPDATA: key features (review: e.g. Smolarkiewicz 2006)

31/45

Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes
Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields

Conservative:
upstream for all iterations ( stability cond.)
High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)
Monotonic:
with Flux-Corrected Transport option



MPDATA: key features (review: e.g. Smolarkiewicz 2006)

31/45

Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes
Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields
Conservative:
upstream for all iterations ( stability cond.)

High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)
Monotonic:
with Flux-Corrected Transport option



MPDATA: key features (review: e.g. Smolarkiewicz 2006)

31/45

Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes
Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields
Conservative:
upstream for all iterations ( stability cond.)
High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)

Monotonic:
with Flux-Corrected Transport option



MPDATA: key features (review: e.g. Smolarkiewicz 2006)

31/45

Multidimensional Positive Definite Advection Transport Algorithm

Multidimensional:
antidiffusive fluxes include cross-dimensional terms, as
opposed to dimensionally-split schemes
Positive Definite:
sign-preserving + “infinite-gauge formulation for
variable-sign fields
Conservative:
upstream for all iterations ( stability cond.)
High-Order Accurate:
up to 3rd-order in time and space (dep. on options & flow)
Monotonic:
with Flux-Corrected Transport option



MPDATA: 2D “hello-world” example
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MPDATA: well established “classic” in geophysics
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PyMPDATA



http://atmos.ii.uj.edu.pl
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http://atmos.ii.uj.edu.pl


PyMPDATA: new open-source Python/Numba package
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more: https://arxiv.org/abs/2011.14726
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(submitted to GMD)

https://arxiv.org/abs/2011.14726
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future



ideas...
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https://github.com/atmos-cloud-sim-uj/PySDM/wiki/
Ideas-for-new-features-and-examples

https://github.com/atmos-cloud-sim-uj/PyMPDATA/wiki/
Ideas-for-new-features-and-examples

https://github.com/atmos-cloud-sim-uj/PySDM/wiki/Ideas-for-new-features-and-examples
https://github.com/atmos-cloud-sim-uj/PySDM/wiki/Ideas-for-new-features-and-examples
https://github.com/atmos-cloud-sim-uj/PyMPDATA/wiki/Ideas-for-new-features-and-examples
https://github.com/atmos-cloud-sim-uj/PyMPDATA/wiki/Ideas-for-new-features-and-examples


users & developers
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https://mailing.uj.edu.pl/sympa/info/
particle-based-cloud-modelling

https://mailing.uj.edu.pl/sympa/info/particle-based-cloud-modelling
https://mailing.uj.edu.pl/sympa/info/particle-based-cloud-modelling


particle-based cloud modelling workshop at UJ (April ’19)
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44 researchers from 28 institutions from 11 countries

http://www.ii.uj.edu.pl/~arabas/workshop_2019/

http://www.ii.uj.edu.pl/~arabas/workshop_2019/


NCN SONATA: “Modelling isotopic signatures in precipitation ...”
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Thank you for your attention!
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