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MPDATA key concepts: UPWIND discretisation

e advection equation / scalar conservation law:
O (GY)+ V- (v) =GR

1 (x,t): advected scalar field (advectee),
v = {u,...} = Gx: flow velocity vector field (advector),
G(x): fluid density, Jacobian of coordinate transformation, or their product

time evolution:
- hydrodynamics .
(transport)
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MPDATA key concepts: UPWIND discretisation

e homogeneous problem in 1D and with G = 1:
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MPDATA key concepts: UPWIND discretisation

e homogeneous problem in 1D and with G = 1:
) + 0z (uh) =0

e UPWIND discretisation on a spatially staggered grid (n numbers time steps, i numbers grid steps):

right-hand wall flux left-hand wall flux
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MPDATA key concepts: Courant number & UPWIND stability criterion

e introducing non-dimensional Courant number C' = u&t:

Ax®
I = g = [ U, Chyaga) — W, 0, C )]

yields a conservative and sing-preserving “UPWIND" scheme which is stable for |C] < 1.

1 def f(psi.l, psi.r, C):

2 return .5 % (C + abs(C)) * psi l + \

3 .5 % (C— abs(C)) * psi.r

4 def step(psi: np.ndarray, i: slice, C: np.ndarray):
5 psi[il = psi[i]l — (

6 f(psili 1, psili + onel, C[i + hl1f]) —
7 f(psi[i — one], psi[i ], C[i — h1f])

8 )

9 def upwind(nt: int, C: np.ndarray, psi: np.ndarray):
10 i = slice(l, len(psi) — 1)

11 for _ in range(nt):

12 step(psi, i, O




MPDATA key concepts: Courant number & UPWIND stability criterion

e introducing non-dimensional Courant number C' = u%:

L'ZH—l = /L”y? - [f(L'?7 UL’?+17 C?—Q»l/Q) - f(U;,n;h U?7 C?—l/?)}

yields a conservative and sing-preserving “UPWIND" scheme which is stable for |C] < 1.

1 def f(psi.l, psi.r, C):
1.01 — initial
2 return .5 % (C + abs(C)) * psi l + \ analytic
—— UPWIND
3 .5 % (C— abs(C)) % psi.r 084
4 def step(psi: np.ndarray, i: slice, C: np.ndarray):
5 psi[il] = psi[i]l — ( 0.6
6 £(psili ], psili + omel, C[i + h1f]) —
7 f(psi[i — one], psili 1, Cli— hlfD) 041
8 )
9 def upwind(nt: int, C: np.ndarray, psi: np.ndarray): 0-21
10 i = slice(l, len(psi) — 1)
0.0
11 for _ in range(nt): ! . . ! ; ! ! ! !
-100 -50 0 50 100 150 200 250 300
12 step(psi, i, Q)




MPDATA key concepts: numerical diffusion & modified-equation analysis

e UPWIND incurs numerical diffusion, quantifiable using Taylor expansion (const. C' for simplicity):
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e UPWIND incurs numerical diffusion, quantifiable using Taylor expansion (const. C' for simplicity):
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e which substituted to the UPWIND formula yields (up to second-order terms):
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MPDATA key concepts: numerical diffusion & modified-equation analysis

e UPWIND incurs numerical diffusion, quantifiable using Taylor expansion (const. C' for simplicity):

P = 0T b B} (+A8) + 3 20T (+A0) +O(AF) ptt — g | S
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e which substituted to the UPWIND formula yields (up to second-order terms):

2
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where 927) can be replaced with spatial derivative using a time derivative of the advection eq.:
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k — numerical diffusion

(e.g., Roberts & Weiss 1966, doi:10.2307,/2003507)
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MPDATA key concepts: antidiffusive pseudo-velocities

e diffusion can be cast as advection with a pseudo-velocity:

Ozt

O + k02 = ... ~  Op+ Ok

¥) = ...

pseudo-velocity

(e.g., Lange 1973, doi:10.2172/4308175)
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MPDATA key concepts: antidiffusive pseudo-velocities

e diffusion can be cast as advection with a pseudo-velocity:

Ozt

atzﬁ/'—l—kazw:.‘. ~ O+ 0z (k

¥) = ...

pseudo-velocity

(e.g., Lange 1973, doi:10.2172/4308175)

e “Smolarkiewicz algorithm” (MPDATA): upwind-integrate backwards-in-time, with an anti-diffusive
pseudo velocity to reverse the effects of numerical diffusion, iteratively (m numbers iteration)

cmt! _ Aty Oxy
TR ATy (172 jal = (o)) T otherwise

/ym 2y
L UMY

. {0 if Y+ =0

i—1/2

(Smolarkiewicz 1983 MWR, 1984 JCP: doi:10.1016,/0021-9991(84)90121-9)
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MPDATA hello-world (1D, single iteration) implementation

[y

def C_corr(C: np.ndarray, i: slice, psi: np.ndarray):
return (abs(C[i— hlf]) — C[i— hlf] **% 2) * (
psi[i] — psi[i — one]
)/ (
psi[i— one] + psi[i]
)
def mpdata(nt: int, C: np.ndarray, psi: np.ndarray):
i = slice(l, len(psi) — 1)
i_ext = slice(l, len(psi))

for _ in range(nt):

[
= O ©OW 00 N O 1 &~ W N

upwind(psi, i, C)

[ay
N

upwind(psi, i, C._corr(C, i_ext, psi))




MPDATA hello-world (1D, single iteration) implementation

1  des C_corr(C: np.ndarray, i: slice, psi: np.ndarray):

2 return (abs(C[i— hlf]) — C[i— hlf] **% 2) * ( 10] —

3 psi[i] — psi[i — one] —_ LaJrI:\a/\II)IlIt\I‘CD

4 v 081 —— MPDATA

5 psi[i— one] + psi[i] 0.6

6 )

T  def mpdata(nt: int, C: np.ndarray, psi: np.ndarray): 047

8 i = slice(l, len(psi)— 1) 0.2

9 i_ext = slice(l, len(psi))

10 for _ in range(nt): 007 ! ! ! ! ! ! ! ! !
-100 -50 0 50 100 150 200 250 300

11 upwind(psi, i, C)

12 upwind(psi, i, C._corr(C, i_ext, psi))




MPDATA: "M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)

donorcell t/dt=0
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MPDATA: "M” for
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MPDATA: "M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)

1
E Vi gand = V1) T V)
donorcell t/dt=0 donorcell t/dt=96 ’
d=0
1
0s 'l =|cl 1 |otd Al ()
4 d . d Qi d i,5] 7
8:3 [L’]H”l/z,o [7',J]+7\"/2,0 [L,J]+WI/Z,U [4,4]
g.Z N
[d] oldl [d]
C - B ()
;.4 d i,
[4 ]]+7r]/2 o [1,J]+ﬂ]/2,0 [4,4]
q=0,q9#d
cld _ L. «[a] [q]
[i,j]+wfl/270 4 [i,j]+7rf’yl/2 i)l

mpdata<3> t/dt=0 mpdata<3> t/dt=96




MPDATA implementations

known closed-source (Numerical Weather Prediction):
e COSMO
e ECMWEF IFS

open-source:
integrated into CFD packages:


https://github.com/hilaryweller0/AtmosFOAM
https://github.com/myroms
https://github.com/pism
https://github.com/igfuw/bE_SDs
https://github.com/apc-llc/mpdata
https://github.com/igfuw/libmpdataxx/
https://github.com/open-atmos/PyMPDATA/
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MPDATA implementations

known closed-source (Numerical Weather Prediction):
e COSMO
e ECMWEF IFS

open-source:
integrated into CFD packages:

AtmosFOAM C++ & Python/Numba 3D ©)/AtmosFOAM  U. Reading
ROMS FORTRAN 3D ©/myroms UCLA (?)
PISM C++ 2D ©/pism U. Alaska Fairbanks
babyEULAG FORTRAN 2D ©/igfuw/bE_SDs NCAR
apc-lic/mpdata C/CUDA 3D ©/apc-lic RAS (?)

reusable:
libmpdata++ C++/Blitz++ 1,2,3D | Q/igfuw IGF FUW
PyMPDATA Python/Numba 1,2,3D | ©/open-atmos uJ, AGH
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PyMPDATA: design goals, tech stack, features

e Numba JIT ~~ pure-Python code with compiled-language performance
(plus OpenMP-like multi-threading, but no profiling tools)

—

V
\7/

PyMPDATA

11



PyMPDATA: design goals, tech stack, features

e single-click/command installation on Linux, macOS & Windows (PyPl)
—_— (including all dependencies, no compilation)

V
\7

PyMPDATA

11



PyMPDATA: design goals, tech stack, features

—

V

W e 92% unit-test coverage (codecov) and growing...

PyMPDATA

11



PyMPDATA: design goals, tech stack, features

i/

e 5-class & single "advance” method API

PyMPDATA

11



PyMPDATA: design goals, tech stack, features

v/ .
\72

e docs (and Cl) covers usage from Python, Julia, Matlab and Rust

PyMPDATA

11



PyMPDATA: design goals, tech stack, features

v/ .
\72

PyMPDATA

e suite of 20+ Jupyter notebook examples maintained with the project
all with badges enabling single-click execution on Colab or mybinder.org

11



PyMPDATA: design goals, tech stack, features

PyMPDATA

e examples in 1D, 2D & 3D: advection-diffusion, bin cloud p-physics,
spherical coordinates, shallow-water, Black-Scholes, Burgers, Boussinesq
11
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PyMPDATA & PyMPDATA-examples docs: open-atmos.Q).io/PyMPDATA

What is PyMPDATA?

PyMPDATA is a Numba-accelerated multi threaded Pythomc lmp\ementatlcn of the MPDATA
algorlthm of Sr

3D structured meshes with optional coordinate transformations. The first animation shown deplcts El
"hello-world" 2D advection-only simulation with dotted lines indicating [slelETNe[eloTeTold

three threads. The second animation depicts an MPDATA solution to coupled mass and momentum
conservation equations for a buoyancy-driven flow in Boussinesq approximation (see Jaruga et
2015 example).

A separate project called PyMPDATA-MPI depicts how numba-mpi can be used to enable
ributed memory parallelism [RESUZoLY7N

What is the difference between PyMPDATA and
PyMPDATA-examples?

PyMPDATA is a Python package that provides the MPDATA algorithm implementation. It is a library that
can be used in your own projects.

PyMPDATA-examples is a Python package that provides examples of how to use PyMPDATA. It includes
common Python modules used in PyMPDATA smoke tests and in example Jupyter notebooks (but the
package wheels do not include the notebooks, only .py files imported from the notebooks and
PyMPDATA tests).



https://open-atmos.github.io/PyMPDATA

PyMPDATA & PyMPDATA-examples docs: open-atmos.Q).io/PyMPDATA

Bibliography with code cross-references

The list below summarises all literature references included in PyMPDATA codebase and includes links to both the referenced papers, as well
as to the referring PyMPDATA source files.

Solutions of the Adve
s_in_Jaruga_et al 2015 Fig_12/demo.ipy
i b

t. Appl. Math. 373): "Der pricing as a transport problem: MPDATA solu

2014 (Sci. Prog. 22)

markdown/pympdata_landing.m

aquand & Pudet 1996 (Math. Finan

der, CO, USA): "DPDC



https://open-atmos.github.io/PyMPDATA

PyMPDATA & PyMPDATA-examples docs: open-atmos.Q.io/PyMPDATA

As an example, the code below shows how to instantiate a scalar and a vector field given a
2D constant-velocity problem, using a grid of 24x24 points, Courant numbers of -0.5 and
-0.25 in “x" and "y directions, respectively, with periodic boundary conditions and with an

[& Module Index

Contents

Introduction

Tutorial (in Python, Julia, Rust and
Matlab)

Options class
Arakawa-C grid layer and
boundary conditions
Stepper
Solver
Debugging
Contributing, reporting issues,
seeking support
Other open-source MPDATA
implementations:

Other Python packages for solving
hyperbolic transport equations

Submodules

boundary_conditions
impl
options

scalar_field

initial Gaussian signal in the scalar field (settings as in Fig. 5 in A
> Julia code (click to expand)

v Matlab code (click to expand)

ScalarField = py.importlib.import module('PyMPDATA').ScalarField;
VectorField = py.importlib.import_module('PyMPDATA').VectorField;
Periodic = py.importlib.import_module('P

nx = int32(24);
ny = int32(24);

ox

cy ;

[xi, yi] = meshgrid(double(6:1:nx 1), double(6:1:ny-1));

halo = options.n_halo;

advectee = ScalarField(pyargs(

‘data’, py.numpy.array(exp(

(xi+ .5 double(nx)/2) (2 (double(nx)/10)"2)
(yi+.5 double(ny)/2) (2 (double(ny)/10)"2)

‘halo’, halo,
'boundary_conditions', py.tuple({Periodic(), Periodic()})
advector = VectorField(pyargs(
‘data’, py.tuple({
cx * py.numpy.ones(int32([nx-1 ny])),
Cy * py.numpy.ones(int32([nx ny+1]))

‘halo’, halo,

'boundary_conditions', py.tuple({Periodic(), Periodic()})
)i

» Rust code (click to expand)

v Python code (click to expand)

al. 2014),

').Periodic;



https://open-atmos.github.io/PyMPDATA

[& PyMPDATA_examples

Submodules

Bjerksund_and_Stensland_1993
Black_Scholes_1973
analysis_figures_2_and_3
analysis_table_1

colors

options
setupl_european_corridor
setup2_american_put

simulation

PyMPDATA & PyMPDATA-examples docs: open-atmos.Q.io/PyMPDATA

PyMPDATA_examples
.Arabas_and Farhat 2020

This example implements simulations presented in the A and
Farhat 2020 study on pricing of European and American options

using MPDATA.

Each notebook in this directory corresponds to a figure or a table

in the paper.
fig_1.ipynb: ) render on [GRENB) | iaunch [Binaen
fig_2.ipynb: [ render on [EEEIE) '@ iaunch [BiRaen

fig_3.ipynb: () render on [GHEUB) | @ iaunch [Bifaen)

tab_1.ipynb: (€ render on [EHB) '@ launch [BiRoeY

CO Open in Colab

CO Open in Colab

CO Open in Colab

€O Open in Colab



https://open-atmos.github.io/PyMPDATA

Eulerian transport for PySDM examples (the original reason for PyMPDA

—5.0e+10
= le+10

le+9

https://pypi.org/p/PySDM

0

Time:100min le+8

le+7

multiplicity

le+6

100000
2.0e+04

a1 A

300 600 900 1200
X (m) 10

PySDM :

effective radius (um)
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https://pypi.org/p/PySDM

plan of the talk
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PyMPDATA v1.0: Bartman et al. 2022 (JOSS)

PyMPDATA v1: Numba-accelerated implementation
of MPDATA with examples in Python, Julia and
Matlab

Piotr Bartman © !, Jakub Banaskiewicz!, Szymon Drenda!, Maciej Manna?,
Michael A. Olesik ©!, Pawet Rozwoda®, Michat Sadowski ® !, and Sylwester
Arabas © 12

1 Jagiellonian University, Krakéw, Poland 2 University of lllinois at Urbana-Champaign, IL, USA

Statement of need

Convection-diffusion problems arise across a wide range of pure and applied research, in
particular in geosciences, aerospace engineering, and financial modelling (for an overview of
applications, see, e.g., section 1.1 in Morton (1996)). One of the key challenges in numerical
solutions of problems involving advective transport is sign preservation of the advected field
(for an overview of this and other aspects of numerical solutions to advection problems, see,
e.g., Rged (2019)). The Multidimensional Positive Definite Advection Transport Algorithm
(MPDATA) is a robust, explicit-in-time, and sign-preserving solver introduced in Smolarkiewicz
(1983) and Smolarkiewicz (1984). MPDATA has been subsequently developed into a family of
numerical schemes with numerous variants and solution procedures addressing a diverse set of
problems in geophysical fluid dynamics and beyond. For reviews of MPDATA applications and
variants, see, e.g., Smolarkiewicz & Margolin (1998) and Smolarkiewicz (2006).
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Numba JIT & multithreading: PyMPDATA vs. libmpdata++ performance

a) 10° b
( ) ( ) —8— libmpdata++ (3 threads)
10-1 4 PyMPDATA: dynamic grid (3 threads)

—— PyMPDATA: Numba JIT disabled

—e— libmpdata++ w
w PyMPDATA: dynamic grid 210724
2 o —e— PyMPDATA: static grid @
g 073 I Dk £
¢ S
s ' g .
o o 107 4
o
o 1073 E
£ 3
= 2
©
2

10—4 4
1 2 3 8 16 32 64 128
number of threads N (where grid=NxNxN)
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introducing Numba-MPI (now a dependency of py-pde)

SoftwareX
Volume 28, December 2024, 101897

¢l Scienc

Original software publication

Numba-MPI v1.0: Enabling MPI communication
within Numba/LLVM JIT-compiled Python code

Kacper Derlatka ®*, Maciej Manna © 2, Oleksii Bulenok ® 3, David Zwicker ®, Sylwester Arabas ¢ 2 X

@ Faculty of Mathematics and Computer Science, Jagiellonian University in Krakéw, Poland

> Max Planck Institute for Dynamics and Self-Organization, Géttingen, Germany
Faculty of Physics and Applied Computer Science, AGH University of Krakow, Poland

https://doi.org/10.1016/j.s0ftx.2024.101897
Under a Creative Commons license 7 Open access

Abstract

The numba-mpi package offers access to the Message Passing Interface (MPI) routines from Python code that
uses the Numba just-in-time (JIT) compiler. As a result, high-performance and multi-threaded Python code
may utilize MPI communication facilities without leaving the JIT-compiled code blocks, which is not possible
with the mpi4py package, a higher-level Python interface to MPI. For debugging or code-coverage analysis
purposes, numba-mpi retains full functionality of the code even if the JIT compilation is disabled.
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PyMPDATA-MPI

pympdata-mpi 0.1.1

pip install pympdata-mpi Released: Apr 4, 2025

PYMPDATA + numba-mpi coupler sandbox

Navigation Project description

D Release history

& Download files

™= pL_Funding by NCN | Li e GPLv3 | Copyright Jagiellonian University | DOI 10.5:
(O ot covcos 8
0

o0 oSt pypi package 011

Verified details @

These details have bee i

erified by PYPL

it PyMPDATA-MPI constitutes a PyMPDATA + numba-mpi coupler enabling numerical solutions of transport equations
with the MPDATA numerical scheme in a hybrid parallelisation model with both multi-threading and MPI distributed
E Sfonxu memory communication. PyMPDATA-MPI adapts to API of PyMPDATA offering domain decomposition logic.
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Kacper Majchrzak (AGH), Pawet Magnuszewski (AGH), Maciej Manna (UJ, Autodesk),
Wojciech Neuman (AGH), Michael Olesik (UJ), Arkadiusz Paterak (AGH), Paulina Pojda (AGH),
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Thank you for your attention!

sylwester.arabas@agh.edu.pl
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