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AGH Wissenschaftlich-Technische Universität

(ca. 23 000 students & 2 400 academic/research staff

est. 1913 by emperor Franz Joseph of Austria)
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Smoluchowski (1918) & Rudzki (1911)

(DOI:10.1515/zpch-1918-9209)
5



Maurycy Pius Rudzki (1862–1916)

“Principles of Meteorology” 1917
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cloud modelling: fast-forward to 2020-ties

“Cloud and ship. Ukraine, Crimea, Black sea”

(photo: Yevgen Timashov / National Geographic)
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cloud modelling: fast-forward to 2020-ties

“Cloud and ship. Ukraine, Crimea, Black sea”

(photo: Yevgen Timashov / National Geographic)

“Grid cells in a global climate model and a large-eddy

simulation of shallow cumulus clouds at 5 m resolution”

(fig. from Schneider et al. 2017)
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cloud modelling: uncertainties

The
Intergovernmental
Panel on Climate
Change

The Intergovernmental Panel on

Climate Change (IPCC) is the United

Nations body for assessing the

science related to climate change.

W O R K I N G  G R O U P  I I  S I X T H  A S S E S S M E N T  R E P O RT

SYNTHESIS  REPORT ACTIVITIES NEWS

CALENDAR

REPORTS WORKING GROUPS  F O L LO W  S H A R E


M E N U

A B O U T D ATA D O C U M E N TAT I O N F O C A L  P O I N T S  P O RTA L B U R E A U  P O RTA L L I B R A R Y L I N K S
H E L P  S E A R C HL A N G U A G E S 
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cloud modelling: uncertainties
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• aerosol-cloud interactions

modelling in (pure) Python?



Numba-MPI
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• PyMPDATA



MPDATA key concepts: UPWIND discretisation

• advection equation / scalar conservation law:

∂t(Gψ) +∇ · (vψ) = GR

ψ(x, t): advected scalar field (advectee),

v = {u, . . .} = Gẋ: flow velocity vector field (advector),

G(x): fluid density, Jacobian of coordinate transformation, or their product
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∂t(Gψ) +∇ · (vψ) = GR

ψ(x, t): advected scalar field (advectee),

v = {u, . . .} = Gẋ: flow velocity vector field (advector),

G(x): fluid density, Jacobian of coordinate transformation, or their product

• UPWIND discretisation on a staggered grid (n numbers time steps, i grid steps):

ψn+1i − ψni
∆t

+

right-hand wall flux
︷ ︸︸ ︷

f(ψni , ψ
n
i+1, u

n
i+1/2)−

left-hand wall flux
︷ ︸︸ ︷

f(ψni−1, ψ
n
i , u
n
i−1/2)

∆x
= 0
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• UPWIND discretisation on a staggered grid (n numbers time steps, i grid steps):

ψn+1i − ψni
∆t

+

right-hand wall flux
︷ ︸︸ ︷

f(ψni , ψ
n
i+1, u

n
i+1/2)−

left-hand wall flux
︷ ︸︸ ︷

f(ψni−1, ψ
n
i , u
n
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∆x
= 0

∂tψ|
n
i + u∂xψ|

n
i =

(

|u|
∆x

2
− u2
∆t

2

)

︸ ︷︷ ︸

k – numerical diffusion

∂2xψ|
n
i

(e.g., Roberts & Weiss 1966, doi:10.2307/2003507) 10
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MPDATA key concepts: antidiffusive pseudo-velocities

• diffusion can be cast as advection with a pseudo-velocity:

∂tψ = k∂
2
xψ + . . . ⇝ ∂tψ = ∂x(k

∂xψ

ψ
︸ ︷︷ ︸

pseudo-velocity

ψ) + . . .

(e.g., Lange 1973, doi:10.2172/4308175)
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• diffusion can be cast as advection with a pseudo-velocity:

∂tψ = k∂
2
xψ + . . . ⇝ ∂tψ = ∂x(k

∂xψ

ψ
︸ ︷︷ ︸

pseudo-velocity

ψ) + . . .

(e.g., Lange 1973, doi:10.2172/4308175)

• “Smolarkiewicz algorithm” (MPDATA): upwind-integrate backwards-in-time, with an anti-diffusive

pseudo velocity to reverse the effects of numerical diffusion, iteratively (m numbers iteration)

C
m+1
i−1/2 =

∆t

∆x
k
m
i−1/2

∂xψ

ψ

∣
∣
∣
∣

m

i−1/2

≈

{

0 if ψmi + ψ
m
i−1 = 0

[
|Cmi−1/2| − (C

m
i−1/2)

2
] ψm

i
−ψm
i−1

ψm
i
+ψm
i−1

otherwise

(Smolarkiewicz 1983 MWR, 1984 JCP: doi:10.1016/0021-9991(84)90121-9)
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MPDATA: ”M” for multi-dimensional (2D is not a sum of two 1D MPDATAs)
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MPDATA variants (structured grid)

• basic (+iterations): Smolarkiewicz 1983
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MPDATA variants (structured grid)

• basic (+iterations): Smolarkiewicz 1983

• n-dimensions, diffusion, divergent flow corrections: Smolarkiewicz 1984

• coordinate transformation: Smolarkiewicz and Clark 1986, Smolarkiewicz and Margolin 1993

• resursive anti-diffusive velocities: Beason & Margolin 1988

• flux-corrected transport: Smolarkiewicz and Grabowski 1990

• third-order terms: Smolarkiewicz and Margolin 1998

• infinite-gauge variant: Smolarkiewicz 2006

• fully third-order variant: Waruszewski et al. 2018
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MPDATA implementations

known closed-source:

• NCAR EULAG

• COSMO (alternative dynamical core)

• ECMWF IFS-FVM

open-source:

integrated into CFD packages:
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MPDATA implementations

known closed-source:

• NCAR EULAG
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PyMPDATA: design goals, tech stack, features

• Numba JIT ⇝ pure-Python code with compiled-language performance

(plus OpenMP-like multi-threading)

15



PyMPDATA: 100% Python codebase

@numba.njit(**options.jit_flags)
def a_term(psi):

"""eq. 13 in [Smolarkiewicz 1984](https://doi.org/10.1016/0021-9991(84)90121-9); 
        eq. 17a in [Smolarkiewicz & Margolin 1998](https://doi.org/10.1006/jcph.1998.5901)"""
        result = ats(*psi, 1) - ats(*psi, 0)

if infinite_gauge:
return result / 2

return result / (ats(*psi, 1) + ats(*psi, 0) + epsilon)

@numba.njit(**options.jit_flags)
def b_term(psi):

"""eq. 13 in [Smolarkiewicz 1984](https://doi.org/10.1016/0021-9991(84)90121-9);
        eq. 17b in [Smolarkiewicz & Margolin 1998](https://doi.org/10.1006/jcph.1998.5901)"""
        result = ats(*psi, 1, 1) + ats(*psi, 0, 1) - ats(*psi, 1, -1) - ats(*psi, 0, -1)

if infinite_gauge:
return result / 4

return result / (
            ats(*psi, 1, 1)
            + ats(*psi, 0, 1)
            + ats(*psi, 1, -1)
            + ats(*psi, 0, -1)
            + epsilon
        )
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PyMPDATA: design goals, tech stack, features

• Numba JIT ⇝ pure-Python code with compiled-language performance

(plus OpenMP-like multi-threading)

• runs on Linux, macOS & Windows (no compilation, just ”pip install”)
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• > 90% unit-test coverage (codecov) and growing...

• API: 5 classes & single ”advance” method

• array-traversal abstractions avoiding explicit fill-halo or barrier calls

• docs (and CI) covers usage from Python, Julia, Matlab and Rust

• suite of 20+ Jupyter notebook examples maintained with the project

all with badges enabling single-click execution on Colab

• examples in 1D, 2D & 3D: advection-diffusion, bin cloud µ-physics,

spherical coordinates, shallow-water, Black-Scholes, Burgers, Boussinesq
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PyMPDATA & PyMPDATA-examples docs: open-atmos. .io/PyMPDATA

Documentation

What is PyMPDATA?

PyMPDATA is a Numba-accelerated multi-threaded  Pythonic implementation of the MPDATA

algorithm of Smolarkiewicz et al. used in geophysical fluid dynamics  and beyond for numerically

solving generalised convection-diffusion PDEs . PyMPDATA supports integration in 1D, 2D and

3D structured meshes with optional coordinate transformations. The first animation shown depicts a

"hello-world" 2D advection-only simulation with dotted lines indicating domain decomposition  across

three threads. The second animation depicts an MPDATA solution to coupled mass and momentum

conservation equations for a buoyancy-driven flow in Boussinesq approximation (see Jaruga et al.

2015 example).

A separate project called PyMPDATA-MPI depicts how numba-mpi can be used to enable

distributed memory parallelism  in PyMPDATA.

What is the difference between PyMPDATA and
PyMPDATA-examples?

PyMPDATA is a Python package that provides the MPDATA algorithm implementation. It is a library that

can be used in your own projects.

PyMPDATA-examples is a Python package that provides examples of how to use PyMPDATA. It includes

common Python modules used in PyMPDATA smoke tests and in example Jupyter notebooks (but the

package wheels do not include the notebooks, only .py files imported from the notebooks and

PyMPDATA tests).
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MPDATA for condensational growth in bin µ-physics (Olesik et al. 2022)

• spectro-spatial advection

(single-column model)

• spectral broadening

vs. MPDATA options

19



MPDATA for Asian option pricing using 2D PDE (Magnuszewski et al. 2025)

20



PyMPDATA v1.0: Bartman et al. 2022 (JOSS)

21



Numba JIT & multi-threading: PyMPDATA vs. libmpdata++ performance
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• PySDM



Eulerian vs. Lagrangian cloud microphysics
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Eulerian vs. Lagrangian microphysics: a (probabilistic) breakthrough

pre-2009:

„advantage of the full-moving size structure is

that core particle material is preserved during

growth ... second advantage ... it eliminates

numerical diffusion ... [but] nucleation,

coagulation ... cause problems ... the

full-moving structure is not used in

three-dimensional models”a

„the use of a fixed grid allows for an easy

implementation of collision processes, which is

not possible for a moving grid (Lagrangian)

approach”b

a
Jacobson 2005: Fundamentals of Atmospheric Modeling
b
Simmel & Wurzler 2006: Condensation and activation in sectional

cloud microphysical models
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Shima 2009: Monte-Carlo particle-based

collision algorithm for cloud simulations

Super-droplet simulation of a shallow convective cloud

(figure: Shima et al. 2009, QJRMS)



pypi.org/p/PySDM: JIT-compiled (CPU/GPU) particle-based µ-physics
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Kessler kinematic test (particle-basedµ-physics setup as in Arabas et al. ’15)
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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prescribed-flow Sc (incl. virga/CCN resuspension) – PySDM + PyMPDATA
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Monte-Carlo collisional breakup with “super-droplets” (de Jong et al. 2023)
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• Numba-MPI
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Numba-MPI (an optional dependency of py-pde!)
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PyMPDATA-MPI: customisable hybrid threading + MPI parallelisation

threading dim = MPI dim

threading dimension ̸= MPI dimension

Derlatka et al. 2024 (SoftwareX, doi:10.1016/j.softx.2024.101897)
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Numba-MPI
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pypi.org/p/PyMPDATA

pypi.org/p/PySDM

pypi.org/p/Numba-MPI

Thanks to all (>20 students) code contributors!

Thank you for your attention!

open-atmos-krk.github.io

33


	AGH
	 aerosol-cloud interactions modelling in (pure) Python?
	 PyMPDATA
	 PySDM
	 Numba-MPI

